We describe a fast method for dimensionality reduction and feature selection of ratio features for classification in hyperspectral data. The case study chosen is to discriminate internally damaged almond nuts from normal ones. For this case study, we find that using the ratios of the responses in several wavebands provides better features than a subset of waveband responses. We find that use of the Euclidean Minimum Distance metric gives slightly better results than the more conventional Spectral Angle Mapper distance metric in a nearest neighbor classifier.
INTRODUCTION
Hyperspectral (HS) data has been shown to be useful for the detection of objects such as military vehicles [1] [2] [3] and mines [3, 4] , for land use applications [5] , and for many USDA product inspection applications [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . HS data has been shown to be successful in detecting skin tumors on chicken carcasses [6] [7] [8] , fecal and ingesta contaminants on chicken carcasses [9] , aflatoxin levels in corn kernels [10, 11, 13, 14] , and internal-damage in almonds [12] [13] [14] , and in determining wheat grain quality [15, 16] , moisture in soybean seeds [17] , and sugar content in potatoes [18] . These uses occur, since HS data provides spectral information that uniquely characterizes and identifies the chemical, moisture, and physical properties of the constituent parts of an input object, scene region, or an agricultural product.
HS data is high-dimensional data that contains more than a hundred responses in narrowly spaced spectral bands (λ). High-dimensional data generally does not have enough training samples. It is generally accepted that the number of training samples per class must be at least ten times the number of features (in this case, the number of input λ spectral samples) if one is to accurately predict the class of an unknown test sample [19] . This is known as the curse of dimensionality. If the training set is too small (or if too many features are used), poor generalization is expected [20] , i.e. classification performance (P C ) for the training set is high, while P C for the test set is very different. Since a large number of training samples are quite difficult to obtain, we need to reduce the number of features by either feature extraction or feature selection techniques. Feature extraction algorithms map (either in a linear or a nonlinear way) all of the original features into fewer new features, each of which is a function of all original features (we have summarized these methods elsewhere [13] ); feature selection methods select a small subset of the original features that is most useful for classification (i.e. the response in only several λ bands). For on-line classification, feature selection is more attractive than feature extraction, because it provides faster data acquisition and a less expensive system. Thus, we propose a new HS feature selection technique using ratio features and show that it gives good generalization and better P C scores than other methods.
An inexpensive and fast inspection system can be fabricated using filters if the response in a maximum of four spectral (λ) bands out of all bands is used. We consider use of λ ratio features (the ratio of the responses at two different λs) and specifically use of our new feature selection algorithm to choose the best two sets of λ band ratios to use. We compare classification results to those obtained using the four best λ bands chosen by our prior feature selection algorithm [13] and the best features chosen by our prior feature extraction algorithm [13] that uses all available λ data. In the ratio feature, we place the lowest numbered waveband in the numerator of the ratio feature; we do not consider both ratios of two wavebands, as they are both expected to have similar information.
Sect. 2 describes the HS almond nut database used. Our fast ratio feature selection algorithm is presented in Sect. 3. We present test results in Sect. 4 and advance conclusions in Sect. 5.
DATABASE
As our case study, we consider classification of almond nuts as having concealed internal-damage or not using HS feature selection techniques. Internally damaged almonds are not easily distinguished from normal ones by their external appearances, and, when cooked, they taste bitter. Hyperspectral processing is a non-destructive inspection method that has been shown to be useful for this application [12] [13] [14] . The central region of each almond was illuminated by a 100W quartz tungsten halogen lamp. Two different fiber optic transmission spectrometers were used to collect HS spectra; a silicon photodiode array sensor based spectrometer was used to measure the spectrum from λ = 710 -1000 nm in 0.48 nm intervals, and an InGaAs photodiode array spectrometer was used to obtain the spectrum from λ = 950 -1390 nm in 3.2 nm intervals. For each almond, ten complete transmission spectra were obtained and the average spectra from each spectrometer was used. Each spectrum was then smoothed by a 19 point Savitzky-Golay second-order filtering operation, sampled at ∆λ = 5 nm increments and combined to produce an HS spectra with 137 spectral samples from λ = 710 -1390 nm as detailed earlier [12] . For each almond sample, its spectral response was normalized by dividing the spectral response at each λ by the average λ response for that almond sample; this corrects for variations in skin quality, nut thickness, and nut shape [12] . The database contains the spectral responses for 454 almonds with 228 in the training set (173 good and 55 bad nuts) and 226 in the test set (172 good and 54 bad nuts). There are not enough training samples per class for accurate training and classification, since we have only 55 bad nuts for training and this is less than the number of features (137). Thus, this is high-dimensional data for which feature reduction is needed.
FAST SPECTRAL RATIO FEATURE SELECTION ALGORITHM

Prior Work
Feature selection is an N-P complete problem [21] , i.e. only an exhaustive search can locate the features that give the best P C . Using an exhaustive search to find the best single spectral band ratio feature requires (for our 137-feature database) that we evaluate performance of the classifier used for all training set samples for a total of We now address several prior approaches to feature selection with high-dimensional data. For a different HS database, Pearson et al [10] addressed this problem by considering all ratio combinations for only every third spectral response; for his database, this significantly reduced the number of feature sets for which P C on the Mahalanobisdistance classifier he considered had to be evaluated. We feel that better P C can be obtained if we do not initially ignore two-thirds of the possible λ band features and perform an exhaustive search on only one-third of the possible λ features. The motivation for considering only every third original feature is that adjacent features (separated by only 5 nm) are expected to contain similar information. This is true for some adjacent spectra. However, in several prior HS case studies [3, 14] , we found that the best features often contained adjacent spectral bands. Thus, this approach is not recommended.
In another HS inspection application [16] , the best 22 HS feature bands were chosen as ordered by the forward selection (FS) algorithm [22, p. 490] , and an exhaustive search of P C on the training set for all 231 single ratio feature combinations of these 22 spectral bands were used to select the best single ratio of two spectral bands; no reason was given in [16] for selecting only 22 FS bands on which to perform an exhaustive search. The use of forward selection to choose an initial reduced set of N spectral bands is better than simply selecting every third band. However, the best set of two bands does not necessarily include the best single band, the best set of three bands does not necessarily include the best single band or the best two bands, etc. This is known as the nesting problem [23] . Analogous problems occur if backward selection is used to obtain an initial reduced set of features. In addition, these methods produce an ordered set of λ features; the best ratio features are not necessarily ratios of the best λ features. This algorithm in [16] is similar to our HDMBB (high-dimensional modified Branch and Bound) feature selection approach [13] in which we use FS and Kullback-Leibler distance (KLD) [24] to select an initial subset of HS features (more than only 22 features), we used this as an ordered subset of features in a new MBB fast and efficient exhaustive search algorithm to select the best three, best four, best five etc set of single λ features to use. In several different HS applications, we showed that it selected the same optimal set of features as a full exhaustive search did. Chen and Casasent [2] applied this algorithm to select ratio features in a multi-spectral vehicle detection application. Their database contains images taken in 28 spectral bands, each with 4 different polarizations (0°, 45°, 90°, and 135°). Two polarization ratio features at orthogonal polarizations (0 versus 90 degree and 45 versus 135 degrees) were considered for each spectral band for a total of 56 ratio features. The authors used the floating forward selection (FFS) algorithm [25] to select an initial set of 28 ratio features to be used in the MBB search to find the best ratio features from these. Only several polarization ratio features were considered at the same λ band (λ band ratios were not considered).
Another problem with these prior approaches [2, 9, 16 ] is that we would like to know how much performance P C was lost by reducing the number of features used; i.e. by using feature selection versus feature extraction methods that employ all original λ features. In prior work [14] , a new High-Dimensional Generalized Discriminant (HDGD) feature extraction algorithm was applied to the same database (training and test set) used in this present paper. It was shown [14] to give better classification results than principle component analysis (PCA) and linear discriminant analysis (LDA). The HDGD algorithm is an improvement on LDA; it projects the data onto only some of the eigenvectors v i of the within-class covariance matrix C W . Thus, it produces multiple HDGD output features, rather than just one (as in LDA). The eigenvectors used in the HDGD algorithm were chosen using a new criteria function that considers generalization and discrimination; thus, it has both good discrimination and generalization. In Sect. 4, we compare the P C performance of our ratio feature selection algorithm to that of the HDGD feature extraction algorithm and the HDMBB feature selection algorithm. 1 shows a block diagram of our algorithm. We now provide an overview of our new feature selection algorithm; we first reduce the number of feature bands considered by "MSE Band Reduction". This removes bands with similar information. This is allowed because some adjacent bands have very similar responses [7] . However, we do not arbitrarily remove every second band, for example. We use mean square error (MSE) to measure the similarity among all bands and discard those bands with the highest degree of similarity. This is not expected to significantly affect classification performance, since the discarded λ features do not give much new information expected to be useful for classification. We need to discard similar features before computing all possible ratio feature combinations to reduce the search time needed in training. To provide numerical values, we note that for our almond database, we omit 37 spectral bands and consider the response in 100 bands after step 1. After tests on several databases, we can chose MSE limits to determine guidelines for how many λ band features to omit in this first step.
Overview
There are now         2 100 = 4950 combinations of two of those 100 selected bands or 4950 sets of feature ratios.
However, since we require two sets of ratio features, we must consider         2 4950 = 12,248,775 combinations of two sets of feature ratios; thus, this is still too time consuming and prohibitive to use an exhaustive search to search for the two feature ratios with the best performance on the training set. Thus, in step 2, we use "FS Ratio Feature Reduction". We apply forward selection (FS) to the set of 4950 possible ratio features to select the best 50 ratio features (for this present database, we use 50 ratio features as the number of combinations to be searched is reasonable). We chose FS since it considers discrimination. Applying FS to λ ratio feature versus standard features is new. Other ordering methods such as FFS can be used. To select the two best ratio features, we make the assumption that at least one of the two best ratio features is one of these 50 FS selected ones; this seems very likely. To select the second ratio feature set (recall, we desire two sets of ratio features), we could choose it from either the remaining first set of 50 FS ordered ratio features or from the other set of 4900 features. To address both choices, we must examine Final Two Ratio Features = 246,225 combinations of two sets of ratio features. This is a reduction by a factor of approximately 60 compared to the ≅ 12.2 million sets of two ratio features out of 4950. In selecting the final two ratio features, we use P C score on a nearest neighbor classifier as our performance measure to use to select the best ratio features.
Since our method does not search all possible combinations of ratio features, our result is sub-optimal, i.e. there is no guarantee that our result will yield the best sets of ratio features or a set equivalent to an exhaustive search result. However, this is necessary, and we will note the classification rate P C we obtain with one and both pairs of ratio features on the training samples using a nearest neighbor (NNB) classifier. To assign an unknown test sample to a class in the NNB classifier, the class of the training set sample that is closest in distance from the test sample determines the class. In practice, one would use a neural network classifier, since its computational load is small. We compare NNB classifier P C results using two different distance metrics: Euclidean Minimum Distance and the Spectral Angle Mapper as discussed in Sect. 3.3.
Ratio Feature Selection Algorithm
We now describe our fast ratio feature selection algorithm in detail. We first address step 1, "MSE Band Reduction". When the responses for two wavebands are very similar, we omit one of these original features to reduce the initial number of features considered. This should not lose much information. MSE is used to measure the similarity of two features; it is defined as ( ) ( ) original λ features. We do not search only adjacent bands, although all bands found to be similar were adjacent ones in our initial tests. These MSE values are entered as the elements of a symmetric MSE matrix M (note that MSE(λ a , λ b ) = MSE(λ b , λ a )). For our 137-band database, M is 137×137. Each M(i, j) element is the MSE between the responses of the i-th and j-th wavebands over the training set. We ignore all 137 diagonal elements. To reduce the number of bands used, the minimum element of M is determined; this defines the first two bands with the most similarity. Assume bands m and n are most similar, we examine row m and row n of M (ignoring element (m,n)), the row with the remaining smallest other element is the band removed (e.g. row m). After we omit row m and column m of M, we repeat the procedure until MSE becomes large; for the present database, we used this to remove 37 features. After tests on a number of databases, a guideline for the maximum MSE to use is expected to emerge. Measures besides MSE can of course be used.
In our second step, we consider all ratio feature combinations of the remaining bands. For our present case, these are 4950 combinations of two of the remaining 100 bands. We next use forward selection (FS) to order these 4950 ratio features. We select the best 50 ratio features (ordered by FS). The FS method first selects the best single ratio feature and then adds one ratio feature at a time, which in combination with the first ratio feature maximizes some criterion function J. We use the Mahalanobis distance [26, p. 107 ] as the criterion function,
where µ 1 and µ 2 are the mean vectors for the good-class and bad-class training samples, respectively, and C is the covariance matrix for the training samples. The Mahalanobis distance is large if the mean difference between two classes is large. Various choices for the criteria function are possible; one could use P C , but computation time may be of concern in the choice. Future work will address this. Others [10] also used Mahalanobis distance. Others used Euclidean [9] distance as the criteria functions, which is a special case of the Mahalanobis distance. To select the best subset of m ratio features out of n original ratio features, the FS algorithm evaluates J for [(2n−m+1)m]/2 subsets of ratio features. For example, to select the best 50 ratio features out of 4950 total ratio features, the FS algorithm requires evaluating J for [(2×4950−50+1)×50]/2 = 246,275 subsets. Since the FS method does not examine all possible subsets, the resulting subset is not guaranteed to produce the optimal set of ratio values nor the best classification rate P C . Since the FS method is not optimal and exhibits the nesting problem, we retain more than the desired number (2) of ratio features in the FS algorithm; we chose to select 50 ratio features in our initial work. This is an ordered set of features; the best feature, the next best feature used with the first, etc is selected. As the final step in our ratio feature selection algorithm, we use a nearest neighbor classifier and search the set of ratio features for which pair of ratio features gives the best classification on the training set. We consider selecting one ratio feature from the 50 FS ordered ratio features and one from the other 4900 ratio features or choosing both ratio features from the 50 FS ratio features. To determine the best pair of ratio features, we use the classification rate P C for an NNB classifier on the training set. We note that this P C performance measure differs from J in equation (2) = 246,225 sets of two ratio features. This is our fast ratio feature selection algorithm. To compute P C for the test set, we use the two ratio features in the NNB classifier. To assign a test sample to a class in the NNB, the shortest distance from that sample to other good-class and bad-class samples in the training set is computed. The NNB classifier assigns the test sample to the same class as its nearest neighbor in the training set. When P C for the training set is calculated, the training set sample being classified is of course removed from the NNB classifier. Future work should consider a neural net classifier instead of the NNB classifier, since it requires fewer on-line computations.
In our NNB classifier, we consider the two most prominent distance metrics used in HS processing [27] . We consider the Euclidean Minimum Distance (EMD), this measures the distance between two samples x and y ( ) ( )
where F is the number of features used in the NNB classifier (F = 2 in our case). EMD is monotonic (with the number of features) and rotational-invariant (the minimum distance in all directions is considered). We also consider the Spectral Angle Mapper (SAM) distance metric in our NNB classifier. SAM measures the angle between two samples x and y ( ) (4) where 〈 ⋅ , ⋅ 〉 is the dot product operator. The SAM metric is not monotonic but is invariant to multiplicative scaling (this is attractive since it is not changed by differences in the intensity of the HS light source used). The class of the training set sample with the smallest ∆ or θ between it and the test input x is chosen as the class of the test input in the NNB classifier. Most algorithms for detection and classification in HS data utilize either SAM or EMD as the metric to compare the similarity of two spectra. We compare their performance in Sect. 4. Our almond nut HS database is normalized and the ratio features we consider are invariant to multiplication; thus there may be no advantage to the use of the more common SAM metric in our present application.
RESULTS AND DISCUSSION
We first address the similarity among the responses in different wavebands over the training set samples in our HS database. Response plots of the average transmittance spectra of good and bad almond nuts are shown in Fig. 2. Fig. 3 shows the spectral responses for bands 77 and 78 for all training set samples; the first 173 samples are good almond nuts and the other 55 samples are bad almond nuts. The responses for both bands are essentially identical; the MSE between Proc. of SPIE Vol. 5587 137 these two bands is very small (MSE(77, 78) = 7.22×10 −6 ). Thus, band 78 could be removed in step 1 without much loss of information. The 37 bands removed are listed in Table 1 in the order removed. All similar responses found were for adjacent bands. 
Good nuts
Bad nuts All 4950 combinations of ratio features of two bands out of the reduced set of 100 bands are now considered. Table  2 lists the scores for P C (percentage of good and bad almonds correctly classified), P Good (percentage of good almonds detected), and P FA (percentage of bad almonds misclassified as good almonds) using one and two ratio features using the EMD metric in our NNB classifier for the training and test set data. The specific waveband numbers used in each ratio feature are also noted. The single best ratio feature to use (ratio feature 115/128) involved a search of all 4950 ratio features for which gave the best P C classification on the training set. We note that this single best ratio feature (using P C ) was not in the top 50 ratio features (ordered by the criteria function J and the FS algorithm). As we see from Table 2 , the P C scores for the training and test set using one or two ratio features using the EMD metric are comparable; thus, generalization is good. Using two ratio features yields significantly higher P C scores than using only one ratio feature as we expected. Using P C , the two best ratio features from the 50 FS ordered set (44/48 and 86/116) are features 1 and 21 ordered by the FS algorithm; note that they are not features 1 and 2 ranked by J in the FS algorithm. The best P C was obtained when one ratio feature was chosen from the 50 FS ordered set and the other from the remaining 4900 ratio features. The training set P C for this case is about 2% higher than that using the two best ratio features from the 50 FS ordered set (92% vs 90%). The best ratio feature (using P C ) from the set of 50 FS ordered ratio features was the ratio feature (19/44); it was not the top one ordered by J (it ranked 38 out of the 50 FS ratio features). On the test set, we obtained a noticeably higher test set P C score of 91.6% (vs 87.6%) when choosing one ratio feature from the 50 FS ordered set and the other from the remaining 4900 ratio features. In these scores, we note that only 7 out of 172 good almond nuts are misclassified as bad nuts, and 12 out of 54 bad almonds are misclassified as good almond nuts. We suspect that some of the test samples in error are not representative of the training set samples. We note that the performance P Good on good nuts is much better than that on bad nuts (described by P FA ). We attribute this to differences between the training and test sets and to the small size of the bad training set (54 bad nuts vs 172 good nuts).
We list in Table 3 the same scoring measures and data using the SAM metric (rather than the EMD one) for our NNB classifier for the training and test set data. The SAM metric cannot be used with only one ratio feature in the NNB classifier; thus, we do not consider it for this case. As before, generalization was good. From Table 3 , when we chose two best features from the 50 FS ordered set, we note that one of the ratio features is 17/18; thus, adjacent bands provide useful information for classification. The best P C was again obtained when one ratio feature was chosen from the 50 FS ordered set and the other from the remaining 4900 ratio features. Using the EMD distance metric (Table 2) in our NNB classifier gives about a 2% higher P C training score than does use of the SAM metric. The multiplicative scaling advantage of the SAM metric is not of use here, since our HS database was normalized and well recorded. Further tests on other databases are necessary to determine which method is best in general and why. The training set computation time for our fast ratio feature selection algorithm on a 1.7 MHz Pentium IV PC was about 3 hours which is of course much faster than an exhaustive search (10 days). Table 2 . Classification results for our fast ratio feature selection algorithm using the EMD distance matrix in the NNB classifier.
Training set
Test set Number of ratio features Wavebands used in ratio features P C (%) P Good (%) P FA (%) P C (%) P Good (%) P FA (%) Table 3 . Classification results for our fast ratio feature selection algorithm using the SAM distance matrix in the NNB classifier.
Training set Test set Number of ratio features
Wavebands used in ratio features P C (%) P Good (%) P FA (%) P C (%) P Good (%) P Figs. 4 and 5 show plots of the training and test set samples using the two best ratio features for the EMD and SAM distance metrics respectively used in the NNB classifier. From Figs. 4a and 4b , most of the good samples are seen to be separated in distance from bad samples as classification using the EMD distance requires. To obtain a high classification rate using the SAM distance, good and bad samples should fall on different lines through the origin (0, 0) at different angles, and we want the angles between the two lines to be large. This trend is shown in Figs. 5.
In Table 4 , we also compare our results using two ratio features (four different wavebands) to those using the best subset of four separate bands chosen from all 137 original wavebands (using the HDMBB feature selection algorithm) and to the best four features (using the HDGD feature extraction algorithm). The HDMBB feature selection algorithm we used to choose the best separate bands was detailed earlier ( [13] and Sect 3.1); for the present database, we first used the KLD algorithm to reduce the number of original λ wavebands from 137 to 30; the MBB algorithm was then used to select the optimal subset of wavebands from the reduced 30-dimensional feature space. For feature extraction, we used the HDGD algorithm to combine all of the original features into fewer new features, each of which is a function of all original features. We compare the results of these feature reduction methods in Table 4 . Table 4 compares these algorithms using an NNB classifier and the EMD distance metric on the same HS database with the same training and test set. In Table 4 , we show results using the same number of wavebands (4); this is four separate wavebands or two ratio features. Our new ratio features give a higher classification rate by 8% compared to the optimal subset of four separate wavebands alone (91.6% vs 83.2%). It also gives a higher classification rate by 1% compared to the HDGD feature extraction algorithm, which uses all λ data. Feature extraction gives better P C than standard feature selection, but its P C is not better than our algorithm for feature selection using ratio features. We next consider the λs selected by the different algorithms. Only one waveband feature (feature 40) of the best 6 λs is in the set of the best 4 λs selected by the KLD/MBB standard feature selection algorithm; This algorithm shows that the 6 best λ features to use contain only one of the best 4 λs (hence algorithms such as FS, that exhibit the nesting problem, cannot select the best λ features). None of the best 4 or 6 separate λs is used in our fast ratio feature selection algorithm. This clearly shows that the best separate wavebands do not necessarily give the best ratio features. Thus, when we consider using ratio features for classification, we need to use a method to order the ratio features, rather than separate waveband feature; our new algorithm does this. (a) (b) Figure 5 . Plot of the training (a) and test (b) set samples for the two best ratio features chosen using the SAM distance metric used in the NNB classifier.
CONCLUSIONS
Our fast ratio feature selection algorithm for high-dimensional data was described. It gave good generalization and required much less calculations than does an exhaustive search. Thus, our proposed method is very useful and practical for product inspection using HS data. Initial results show that using only two ratio features (four different wavelengths) for classification gives a very high P C test set score (91%). We found that using ratio features gave a higher classification rate than did use of the best feature selection subset of separate wavebands or than did use of a feature extraction algorithm using all λ responses. None of the best 4 or 6 separate λs is used by our fast ratio feature selection algorithm; thus an algorithm such as ours is necessary. Furthermore, use of the EMD distance metric in the NNB classifier was shown to give slightly higher classification rates (by 2%) than did use of the more standard SAM distance metric for our database. Further tests on more databases are needed.
